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We study the twisted index tlieory of elliptic operators on orbifold covering spaces of compact good 
orbifolds, wliicli are invariant under a projective action of tlie orbifold fundamental group. We apply 
these results to obtain qualitative results on real and complex hyperbolic spaces in 2 and 4 dimensions, 
related to generalizations of the Bethe-Sommerfeld conjecture and the Ten Martini Problem, on the 
spectrum of self adjoint elliptic operators which are invariant under a projective action of a discrete 
cocompact group. 



Introduction 



In this paper, we prove a twisted index theorem for elUptic operators on orbifold cover- 
ing spaces of compact good orbifolds, which are invariant under a projective action of the 
orbifold fundamental group. 

Let r be a Fuchsian group of signature {g,i^i, . . . , Vn) (cf. section 1 for more details), 
that is, F is the orbifold fundamental group of the 2 dimensional hyperbolic orbifold 

E(g,I^l, ...,Vn) 

of signature {g,i^i, . . . , z^J. Using a result of Kasparov H on A'-amenable groups as well 
as a calculation by Farsi t3 of the orbifold if -theory of compact 2-dimensional hyperbolic 
orbifolds, we are able to compute the i^T-theory of twisted group C* algebras, under the 
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assumption that the Dixmier-Douady invariant of the multiplier a is trivial 

K,{C*{T,a))9^\ 

y i?3 if j = 1. 

Notice that A'o is much larger in the general Fuchsian group case than in the torsion free 
case, where Kq was determined □ to be always 1?. We also show that the orbifold X-theory 
of any 2-dimensional orbifold is generated by orbifold line bundles. The result is derived by 
means of equivariant iiT-theory and the Baum-Connes □ equivariant Chern character with 
values in the delocalized equivariant cohomology of the smooth surfaces^; that covers 
the good orbifold Yi{g,i'i^ . . . ^Un). We show that the Seifert invariants EZl correspond to 
the pairing of the equivariant Chern character □ with a fundamental class in the delocalized 
equivariant homology of Eg/ . 

Let tr denote the canonical trace on the twisted group C* -algebra, C*{V,a), which 
induces a map \tr\ on if -theory. Using the results above and our twisted index theorem for 
orbifolds, we compute in section 2 under the same assumptions as before, the range of the 
trace on -theory to be, 

n 

[tr](Ko(C*{V,(J)))=I.6 + Z + Y,H^/^^) 

i=l 

where 9 denotes the evaluation of the multiplier a on the fundamental class of F. We then 
apply our calculation of the range of the trace on if-theory to the study of some quanti- 
tative aspects of the spectrum of projectively periodic elliptic operators on the hyperbolic 
plane, what is known as noncommutative Block theory. Some of the most outstanding open 
problems about magnetic Schrodinger operators or Hamiltonians on Euclidean space are 
concerned with the nature of their spectrum, mosLnotably the Bethe-Sommerfeld conjec- 
ture (BSC) and the Ten Martini Problem (TMP) E3. More precisely, TMP asks whether 
given a multiplier a on 1?, is there an associated Hamiltonian {i.e. a Hamiltonian which 
commutes with the {1? , a) projective action of 1? on _L^(R^)) possessing a Cantor set type 
spectrum, in the sense that the intersection of the spectrum of the Hamiltonian with some 
compact interval in M is a Cantor set? One can deduce from the range of the trace on of 
the twisted group C* -algebras that when the multiplier takes its values in the roots of unity 
in U(l) (we say then that it is rational) that such a Hamiltonian cannot exist. However, in 
the Euclidean case and foralmost all irrational numbers, the discrete form of TMP has been 
settled in the affirmative cJ. BSC asserts that if the multiplier is trivial, then the spectrum 
of any associated Hamiltonian has only a. finite number of gaps. This was first established 
in the Euclidean case by Skrigonov Ej. In Sections 2 and 3, we are concerned also with 
generalizations of the TMP and the BSC, which we call the Generalized Ten Dry Martini 
Problem and the Generalized Bethe-Sommerfeld conjecture. We prove that the Kadison 
constant of the twisted group C* -algebra C*(r, a) is positive whenever the multiplier is 
rational, where F is now the orbifold fundamental group of a signature (g, i^i, . . . , z^„) hy- 
perbolic orbifold. We then use the results of Briining and Sunada i to deduce that when 
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the multiplier is rational, the generalized Ten Dry Martini Problem is answered in the neg- 
ative, and we leave open the more difficult irrational case. More precisely, we show that 
the spectrum of such a (F, a) projectively periodic elliptic operator is the union of count- 
ably many (possibly degenerate) closed intervals which can only accumulate at infinity. 
This also gives evidence that the generalized Bethe-Sommerfeld conjecture is true, and 
generalizes earlier results □ in the torsion-free case. In order to show that the results are 
not a purely two-dimensional phenomenon, we present similar results on real and complex 
hyperbolic four-manifolds, see also El. In section 3, we again use the range of the trace 
theorem above, together with other geometric arguments to give a complete classification 
up to isomorphism of the twisted group C* algebras C* (F, cr), where a is assumed to have 
trivial Dixmier-Douady invariant as before. 

In a forthcoming paper we shall generalize these results by proving a twisted higher 
index theorem which adapts the index theorems of Atiyah, Connes and Moscovici, and 
Gromov, to the case of good orbifolds. This will allow us to compute the range of some 
higher traces on i^-theory. More precisely, suppose that c is the area 2-cocycle on the group 
F as given above, and tvc is the induced cyclic 2-cocycle on a smooth subalgebra of the 
twisted group C*-algebra C* (F, cr), which induces a map [ire] on ii'-theory. Then we will 
prove that 

[tr,]{Ko{C*{T,a)))^c^'L 

where — 2{g ~ 1) + {n ~~ v) E Q, v = X]J=i ^l^j- relating the hyperbolic 
Connes-Kubo cyclic 2-cocycle and the area cyclic 2-cocycle, the range of the higher trace 
on i^T-theory can be used to compute the values of the Hall conductance: The results will 
be applied to the study the occurrence of fractional quantum numbers in the Quantum Hall 
Effect on the hyperbolic plane. We will also establish the noncommutative Bloch theory 
results for discrete Harper type operators, which is the analogue in the discrete case of 
results proved in the present paper. The results contained in this paper, togetheovith the 
results on the fractional quantum numbers, were circulated as a preprint in 1998 EZl. 

1. Preliminaries 

1.1. Good orbifolds 

Furlhei. details on the fundamental material on orbifolds can be found in several refer- 
ences e3, lla, Q The definition of an orbifold generalizes that of a manifold. More precisely, 
an orbifold M of dimension m is a Hausdorff, second countable topological space with a 
Satake atlas V {Ui,4>i} which covers M, consisting of open sets Ui and homeomor- 
phisms (pi : Ui D™/Gi, where denotes the unit ball in M™ and Gi is a finite 
subgroup of the orthogonal group 0{m), satisfying the following compatibility relations; 
the compositions 
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locally lifts to be a smooth map M™ R™, whenever the intersection Ui n Uj ^ 0. The 
open sets Ui are called local orbifold charts. In general, an orbifold M can be obtained as a 
quotient M = X/ G of an infinitesimally free compact Lie group action on a smooth man- 



ifold X. In fact, by Satake and Kawasaki c3, X can chosen to be the smooth manifold 
of orthonormal frames of the orbifold tangent bundle of M (cf. section 1.4) and G can be 
chosen to be the orthogonal group 0{m). 

An orbifold covering of M is an orbifold map f -.Y ^ M, where Y is also an orbifold, 
such that any point on AI has a neighborhood U such that f^^{U) is the disjoint union of 
open sets Ua, with f \ua - Ua ^ U a quotient map between two quotients of M*^ by finite 
groups Hi < H-z- The generic fibers of the covering map / are isomorphic to a discrete 
group which acts as deck transformations. 

An orbifold AI is good if it is orbifold-covered by a smooth manifold; it is bad oth- 
erwise. A good orbifold is said to be orientable if it is orbifold covered by an oriented 
manifold and the deck transformations act vi£L,orieiitation preserving diffeomorphisms on 
the orbifold cover. Equivalently, as shown inl2£l and 123, an orbifold is orientable if it has an 
oriented frame bundle X such that M — X/SO(m). 

We next recall briefly some basic notions on Euclidean and hyperbolic orbifolds, which 
are by fiat orbifolds whose universal orbifold covering space is Euclidean space and hyper- 
bolic space respectively. We are mainly interested in the case of 2 dimensions, and we will 
assume that the orbifolds in this paper are orientable. 

A 2-dimensional compact orbifold has singularities that are cone points or reflector 
lines. Up to passing to Z2-orbifold covers, it is always possible to reduce to the case with 
only isolated cone points. 

Let H denote the hyperbolic plane and F a Fuchsian group of signature {§,1/1, ... ,1/^1), 
that is, r is a discrete cocompact subgroup of PSL(2, R) of genus g and with n elliptic 
elements of order vi, ... ,1/^1 respectively. Explicitly, 



Then the corresponding compact oriented hyperbolic 2-orbifold of signature {g,i/i, . . . ,i/n) 
is defined as the quotient space 

=r\H. 

A compact oriented 2-dimensional Euclidean orbifold is obtained irLa, similar manner, but 
with H replaced by M^, and a complete list of these can be found in c3. 

Then 'S{g, i^i, . . . , i/„) is a compact surface of genus g with n elliptic points {pj}^^i 
such that each pj has a small coordinate neighborhood Up^ = D'^/Z^., where de- 
notes the unit disk in and is the cyclic group of order i^j, j — 1, . . .n. Observe 
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that the complement S((7, i^i, . . . , \ iJ^^^Up- is a compact Riemann surface of genus 
g and with n boundary components. The group F is the orbifold fundamental group of 
S((7, ^1, . . . , ^-n), where the generators Cj can be represented by the n boundary compo- 
nents of the surface Ti{g, i^i, . . . , f„) \ U^^iUp. . 

All Euclidean and hyperbolic 2-dimensional orbifolds S((7, j^i , . . . , f„) are good, being 
in fact orbifold covered by a smooth surface Sg' cf. tZl, i.e. there is a finite group G acting 
on Eg' with quotient T,{g, I'l, . . . , Vn), where 

5' = l + iM(2Cg-l) + (n-i.)) 

and where J/ = X]J=i V'^j- According to the classification of 2-dimensional orbifolds 
given in EH, the only bad 2-orbifolds are the "teardrop", with underlying surface S"^ and 
one cone point of cone angle 2tt/p, and the "double teardrop", with underlying surface S*^ 
and two cone points with angles 2tt/p and 271 / q, p q. 

In this paper we restrict our attention to good orbifolds. It should be pointed out that 
the techniques used in this paper cannot be extended directly to the case of bad orbifolds. 
It is reasonable to expect that the index theory on bad orbifolds will involve analytical 
techniques for more general conic type singularities. 



1.2. Twisted C* algebras 



We begin by recalling the definitions of the (reduced) twisted group C* algebra and its 
relation to a twisted C* algebra of bounded operators on the universal orbifold cover of a 
good orbifold, that was defined in eI. 

Let r be a discrete group and cr be a multiplier on F, i.e. a : F x F ^ U(l) is a 
U(l)-valued 2-cocycle on the group F i.e. a satisfies the following identity: 

• a(7, 1) = (7(1,7) = 1 V7eF; 

• cr(7i,72)cr(7i72,73) = ^(71 , 7273)cr(72 , 73)V7i , 72, 73 e F. 
Consider the Hilbert space of square summable functions on F, 

L'{r) = \f:r^c\ ^|/(7)|'<^ 

There are natural left cr -regular and right cr-regular representations on L^{T). The left 
a-regular representation is defined as follows: V 7, 7' G F, 

The right cr-regular representation is defined as follows: V7, 7' G F, 

(i?!J/)(7') = /(7'7)'^(7',7); 
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One can use the cocycle identity to show that the left a-regular representation commutes 
with the right tr-regular representation, where a denotes the conjugate cocycle. Also the 
left (T-regular representation commutes with the right cr-regular representation. Define 

W*{T,a) = {A e B{e{T)) : [L'^,A] = V7 G T} 

i.e. W^*(r, a) is the commutant of the left tr-regular representation. By general theory, it 
is a von Neumann algebra, and it is called the twisted group von Neumann algebra. It can 
also be realized in the following manner: the right cr-regular representation of F extends 
to a * representation of the twisted group algebra, C(r, a) B{£'^{T)). Now the weak 
closure (which coincides with the strong closure) of C(r, a) also yields the twisted group 
von Neumann algebra W* (F, a), by the commutant theorem of von Neumann. The norm 
closure of C(r, a) yields the (reduced) twisted group C* algebra C* (F, cr). We will also 
briefly consider the full or unreduced twisted group C* Mlgebra C* (F, a), which is another 
C* completion of C(F, a) using ^-representations, cf. O for the definition. 

Let M be a good, compact orbifold, and £ ^ M he an orbifold vector bundle over M, 
and £ ^ M he its lift to the universal orbifold covering space T ^ AI ^ M, which is 
by assumption a simply-connected smooth manifold. We will now briefly review how to 
construct a (F, (T)-action (where ct is a multiplier on F and a denotes its complex conjugate) 
on L'^{M). Let uj ~ drjhe an exact 2-form on M such that uj is also F-invariant, although 
rj is not assumed to be F-invariant. Define a Hermitian connection on the trivial fine bundle 
over M as 

W = d + ir]. 

Its curvature is = iuj. Then V defines a (F, a) action on L'^(AI, ® E) as follows: 
Since w is F invariant, one has V7 G F 

= 7*0; — UJ = d{j*ri — 77), 

so that 7*?7 — 77 is a closed 1-form on a simply-connected manifold M => 7*77 — rj — dip^ 
for some smooth function on M satisfying 

• + (7x) — •ip^i^{x) is independent of xMx £ M; 

• tljj{xo) = for some xq G M V7 G F. 

Then (7(7, 7') = ex-p{itpj(j'xo)) defines a multiplier on F. Now define the (F, a) action 
as follows: For u G L?{M,S^ <S> E), u — 7*u, S^u — exp(i'0-y) u, define 
— U^oS^. Then it satisfies T^^T^^ — (7(71, 72) T-yj-yj, and so it defines a (F, (T)-action. 
It can be shown that only multipliers a such that the Dixmier-Douady invariant 5{a) = 
can give rise to (F, (7)-actions in this way cf. section 2.2 for a further discussion. 

Let D : L^{M,£) L^{M,£) he a self adjoint efliptic differential operator that 
commutes with a (F, ct) -action T-y V7 G F on L^(Af , £). Then by the functional calculus, 
all the spectral projections of D, E\ — X[o,\\{B>) are bounded self adjoint operators on 
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L'^{M, £) that commute with T-y V7 S F. Now the commutant of the (F, (T)-action on 
L'^{M, £) is a von Neumann algebra 

W*{cj)^[QeB{L''{M,£))\ T^Q^QT^ V7 e f} . 

Since T^Q — QT^, one sees that 

^ kQ{x,y) 

Vx, y ^ M V7 e F, where kg denotes the Schwartz kernel of Q. In particular, observe 
that tr_{kQ{x, x)) is a F-invariant function on AI, where tr_ denotes the pointwise trace. 
Using this, one sees that there is a semi-finite trace on this von Neumann algebra 

tr : W*{a)^C 

defined as in the untwisted case due to Atiyah 0, 

Q — > / tr{kQ{x,x))dx 

JM 

where kq denotes the Schwartz kernel of Q. Note that this trace is finite whenever kq is 
continuous in a neighborhood of the diagonal in M x M. 

By elliptic regularity, the spectral projection E\ has a smooth Schwartz kernel, so that 
in particular, the spectral density function, Nq{X) = tr{E\) < 00 VA, is well defined. 

If is a relatively compact fundamental domain in M for the action of F on M, then 
one sees that there is a (F, ct) -isomorphism 

L^iM,£) = L''ir)®L''iT,£\^) (1.1) 

It is given by / i-^ g where 5(7) {x) = f{ix), x ^ 7 G F, equivalently by a choice of a 
bounded measurable almost everywhere smooth section of the orbifold covering M — > M. 
The (F, (7)-action on L^{J-, £\y^) is trivial and its is the previously defined regular (F, a) 
representation on L^{T). Therefore 

W*ia)^W*{r,a)(SB{L\T,£\^)) 

where B{L^{!F, denotes the algebra of all bounded operators on the Hilbert space 

L^{T,£\jr). There is a natural subalgebra C*{a) of W*{(t) which is defined as follows. 
Let 



kq is smooth and supported in a compact 
neighborhood of the diagonal 



Then C*{a) is defined to be the norm closure of Cc°°{(j)- It can also be shown to be the 
norm closure of 



QeW*ia) 



kq is smooth and kq{x, y) is in both 
the a; and y variables separately 
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That is, elements of C*{a) are elements of W*{(t) that have the additional property of 
some off-diagonal decay. Via the isomorphism given in equation (1.1), it can be shown 
that 

c*((7) =^ c;(r,(T) ® /c (1.2) 

where K. = IC{L'^{J-',£ij^)) denotes the C* algebra of compact operators on the Hilbert 
space L'^{J-, £\jr) (see EI for details). 

1.3. The C* algebra of an orbifold 

Let M be an oriented orbifold of dimension to, that is AI — P/SO(to), where P is 
the bundle of oriented frames on the orbifold tangent bundle (cf. section 1.4). Then the C* 
algebra of the orbifold M is by fiat the crossed product C* {M) — C{P) x SO(to), where 
C{P) denotes the C* algebra of continuous functions on P. We will now study some 
Morita equivalent descriptions of C* (M) that will be useful for us later. The following is 
one such, and is due to Ii3. 

Proposition 1.1 Let M be a good orbifold, which is orbifold covered by the smooth mani- 
fold X, i.e. M = X/G. Then the C* algebras Cq (X) x G and C* (M) are strongly Morita 
equivalent. 

In the two dimensional case, there is yet another C* algebra that is strongly Morita 
equivalent to the C* algebra of the orbifold. Let F be as before. Then T acts freely on 
PSL(2, E), and therefore the quotient space 

r\PSL(2,M) = P(5,i.i,...,z/„) 

is a smooth compact manifold, with a right action of SO(2) that is only infinitesimally free. 
The G* algebra of the hyperbolic orbifold ^(g, i/i, . . . , Vn) is by fiat the crossed product 
G* algebra 

C*(I](5,z.i,...,z.„)) = C(P(g,z.i,...,j.„)) X SO(2) 

cf. 0. If SO(2) did act freely on P{g, vi, . . . , (which is the case when i^i = . . . = 
= 1), then it is known that G* fi, . . . , i^n)) and C(I](g, i^i, . . . , j/„)) are strongly 
Morita equivalent as G* algebras. 

We shall next describe a natural algebra which is Morita equivalent to the G* algebra of 
the orbifold 'S{g, i^i, ... ,1^,1) ■ Now F has a torsion free subgroup Fg/ of finite index, such 
that the quotient Fg/\H = Fg'\PSL(2, M)/SO(2) = Sg- is a compact Riemann pirface 
of genus 5' = l + ^^Y^(2(g — l) + (n — i/)) where = J2^=i ^/vj,cf. Theorem 2.5 E3, and 
the orbifold Euler characteristic calculations in there. Then G Sg' I](g, i^i, . . . , Vn) 
is a finite orbifold cover, i.e. a ramified covering space, where G — Fg'\F. 



Proposition 1.2 The G* algebras G{T,g') x G, G*{T,{g, 1^1, ... , f„)) and Co(H) x F are 
strongly Morita equivalent to each other. 
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Proof. The strong Morita equivalence of the last two C* algebras is contained in the 
previous Proposition. Since strong Morita equivalence is an equivalence relation, it suffices 
to prove that the first two C* algebras are strongly Morita equivalent. Let 

P = rg.\PSL(2,M) 

where SO(2) acts on P the right, and therefore commutes with the left G action on P. 
MoreoverJiie actions of G and SO(2) on P are free, and therefore one can apply a theorem 
of Green, which implies in particular that Co{G\P) x SO(2) and Co(P/SO(2)) >^ G 
are strongly Morita equivalent, i.e. Co{P{g, I'l, . . . , Vn) x SO(2) and Co(Sg') x G are 
strongly Morita equivalent, proving the proposition, o 



1.4. Orbifold vector bundles and K-theory 

Because of the Morita equivalences of the last section 1.3, we can give several alternate 
and equivalent descriptions of orbifold vector bundles over orbifolds. Firstly, there is the 
description using transition functions cf. 0, @. Equivalently, one can view an orbifold 
vector bundle over an m dimensional orbifold M as being an SO(m) equivariant vector 
bundle over the bundle P of oriented frames of the orbifold tangent bundle. In the case 
of a good orbifold M, which is orbifold covered by a smooth manifold X, let G be the 
discrete group acting on X, G X M = X/G. Then an orbifold vector bundle on 
M is the quotient Vm — G\Vx of a vector bundle over X by the G action. Notice that an 
orbifold vector bundle is not a vector bundle over M: in fact, the fiber at a singular point is 
isomorphic to a quotient of a vector space by a finite group action. 

The Grothendieck group of isomorphism classes of orbifold vector bundles on the orb- 
ifold M is called the orbifold K-theory of M and is denoted by X°^^(M), which by a 
result of □, Ej is canonically isomorphic to Kq{C* {M)). By the Morita equivalence of 
section 1.3, one then has K^^^{M) = K°^^^^{P), and by the Julg-Green theorem^, 0, 
the second group is isomorphic to Kq{G{P) x SO(to)). In the case when M is a good 



orbifold, by Proposition ly, one sees that K^^^{M) = K°{Cq{X) x G) = K^{X) 



We will now be mainly interested in orbifold line bundles over hyperbolic 2-orbifolds. 
Let G be the finite group determined by the exact sequence 

1 ^Tg, ^ G ^ I. 

Then G acts on Eg' with quotient the orbifold S((7, j^i , . . . , i/„). 
An orbifold line bundle C on Y^{g , i^i, i/n) i& given by 

C = G\{Pxsoi2) C), 



where P is a principal SO(2)-bundle on the smooth surface Sg/. Notice that the SO(2) 
and the G actions commute, and are free on the total space P. An orbifold line bundle has 
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an associated Seifert fibered space G\P. A more explicit local geometric construction of 
C is given in EZl. An orbifold line bundle C over a hyperbolic orbifold j^i, . . . , j/„) is 
specified by the Chern class of the pullback line bundle on the smooth surface Sg/, together 
with the Seifert data. That is the pairs of numbers (/3j , vj), where satisfies the following 
condition. Given the exact sequence 

1 ^ Z ^ ^i(P) ^ nl'^ng, ^i,---, i^n)) -> 1, 

let Cj be an element of Tri{P) that maps to the generator Cj of the orbifold fundamental 
group. Let C be the generator of the fundamental group of the fiber Then we have Cj' ~ 1 
and C'^J = Cj^ . The choice of /3j can be normalized so that < f3j < Vj . 

More geometrically, let Y.{g, i^i, . . . , j/„) be a hyperbolic orbifold with the cone points 
Pi, ■ ■ . ,Pn- Let E' be the complement of the union of small disks around the cone points. 
The orbifold line bundle induces a line bundle C over the smooth surface with boundary E', 
trivialized over the boundary components of E'. Moreover, the restriction of the orbifold 
line bundle C over the small disks Dp. around each cone point pi is obtained by considering 
a surgery on the trivial product C x Dp. obtained by cutting open along a radius in C and 
gluing back after performing a rotation on Dp. by an angle 2TTq/vi. With this notation the 
Seifert invariants are (g^, Vi) with (3iqi = 1 [modvi). 

Thus, an orbifold line bundle has a finite set of singular fibers at the cone points. The 
orbifold line bundle C pulls back to a G-equivariant line bundle C over the smooth surface 
Eg' that orbifold covers E(o, vi, . . . ,Vn)- All the orbifold line bundles with trivial orbifold 
Euler class, as defined in EZl, lift to the trivial line bundle on Eg' . 

In the classification of Seifert-fibered spaces is derived using the Seifert invariants, 
namely the Chern class of the line bundle £, together with the Seifert data {fij , Vj ) of the 
singular fibers at the cone points pj. We show in the following that the Seifert invariants 
can be recovered from the image of the Baum-Connes equivariant Chern charactera. 

1.5. Baum-Connes Chern character 

We have seen that the algebra C* {ll{g,vi, . . . ,Vn)) is strongly Morita equivalent to the 
cross product C(Eg') x G. Therefore the relevant K-theory is 

i^o(C(Eg') X G) = Klo(2){G\P) = i^S(Eg'), 

where P = rg'\PSL(2, M). 

We recall briefly the definition of delocalized equivariant cohomology for a finite group 
action on a smooth manifold □. Let G be a finite group acting smoothly and properly on a 
compact smooth manifold X. Let M be the good orbifold M = G\X. Given any 7 G G, 
the subset of X given by 

X'< = {(a;,7) G X X G I 7a; = x} 
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is a smooth compact submanifold. Let X be the disjoint union of the X"' for 7 S G. 
The complex ndX) of G-invariant de Rham forms on X with coefficients in C computes 
the delocalized equivariant cohomology H'{X, G), which is Z2 graded by forms of even 
and odd degree. The dual complex that computes delocalized homology is obtained by 
considering G-invariant de Rham currents on X. Thus we have 

H'{X,G) = H'{nG{X),d) = H'{X/G,C) 

= H'{X, = C). 

According to@. Theorem 7.14, the delocalized equivariant cohomology is isomorphic to 
the cyclic cohomology of the algebra C^{X) x G, 

H°{X,G) =i7G™(G°°(X) XI G), 

H\X,G) ^ HC°'^'^{C°^{X) X G). 

The Baum-Connes equivariant Chern character 

chG:K%{X)^ H\X,G) 

is an isomorphism over the complex numbers. Equivalently, the Baum-Connes equivariant 
Chern character can be viewed as 

cha : Kl,{M) ^ Hl,{M) 

where the orbifold cohomology is by definition H^^f^{M) — {X, G) for j — 0, 1. 

In our case the delocalized equivariant cohomology and the Baum-Connes Chern char- 
acter have a simple expression. In fact, let S^/ be the smooth surface that orbifold covers 
vi,. . . , Vn). Let G be the finite group 1 ^ Fg' — > F ^ G ^ 1. Let Gp. = I^y- be 
the stabilizer of the cone point \nYj{g,vi, . . . ,Vn). Then we have 

r Sg, if 7=1; 

^l = \ {p,} if 7eGp^\{i}; 

[ otherwise. 
Thus the delocalized equivariant cohomology and orbifold cohomology is given by 

Hl,{Y.{g, . . . , vn)) = G) = H\Y.g,) ® H\Y.g,) ® C^.^-'^-'K 

where each C^^^ is given by lyj — 1 copies of H^{pj), and 

77„V,(I](5, . . . , i/„) = H\llg,,G) = H'i^g'). 

Let C be an orbifold line bundle in ii:o(C(Sg) xi G) = K^M^g), and let Che the 
corresponding line bundle over the surface Eg' . An element 7 in the stabilizer Gp- acts on 
the restriction of jC\^i — C\p- = C as multiplication by A(7) — e^'^'ft/^j . 
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Thus, the Baum-Connes Chern character of C is given by 

chciC) = (1, Ci(£), e2'^'"^i/''i , . . . , e2^'(''i-l)^i/'^i , . . . e27rz/3„/^„ ^ ^ ^ ^2^^{^„-l)0J^.„^^ 

Proposition 1.3 The Baum-Connes Chern character classifies orbifold line bundles over 
the orbifold j^i , . . . , t^n). 

Proof. According to Ezl the orbifold line bundles are classified by the orbifold Euler number 

e(S(5,i/i,...,i^„)) =< ci(£), [Sg-] > 

j 

given in terms of the Chern number < ci(£), [Eg'] > and the Seifert invariants Vj). o 

Notice that we have the isomorphism in i^T-theory, iiTg. (Eg' ) = -^^^30(2) (^\^) ^'^'^ '■^^ 
Chern character isomorphisms (with C coefficients) 

cha : K"a{^g,) ^ i/"(Eg',G) - ffC'=''(C°°(Eg') x G) 

and 

chsoi2) ■■ if^o(2)(r\PSL(2,R)) ^ i/C^"(C°°(r\PSL(2,R)) x SO(2)). 
Moreover, we have an isomorphism 

i?C" (C°°(r\PSL(2,R)) X SO(2)) = iJ^o(2)(r\PSL(2, R)). 
Thus, we obtain 

i7C™(C°°(r\PSL(2,R)) X SO(2)) = iJC™(C°°(Eg') x G) 
with C coefficients, via the Chern character. 

Thus orbifold line bundles on E(g, I'l, . . . , Vn) can be also described as G-equivariant 
line bundles over the covering smooth surface Eg', and again as SO(2)-equivariant line 
bundles on G\P. 

Remarks 1.4 With the notation used in the previous section, let G be a finite group acting 
smoothly and properly on a smooth compact oriented manifold X. There is a natural 
choice of a fundamental class [X]g e Hq{X, G) in the delocaUzed equivariant homology 
of X, given by the fundamental classes of each compact oriented smooth submanifold X'^ , 
[X]g = ®^(zg[X^]- In the case of hyperbolic 2-orbifolds, the equivariant fundamental 
class [Eg'Jc is given by 

[Eg'lc = [Eg'] [p,r^-i e i/2(S3',C) ®, {H^{p„C)r^-\ 

The corresponding equivariant Euler number < chaiC), [Eg']^ > is obtained by evaluat- 
ing 

<c;iG(/:),[Eg']G>=<ci(Z),[Eg'] J2 A(7). 

i=l76Gp^\{l} 
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1.6. Classifying space of the orbifold fundamental group 

Here we find it convenient to follow Baum, Connes and Higson . Let M be a good 
orbifold, that is its orbifold universal cover M is a smooth manifold which has a proper 
F-action, where F denotes the orbifold fundamental group of M. That is, the map 

M X F -^MxM 
(a;, 7) ^ {x,jx) 

is a proper map. The universal example for such a proper action is denoted in S, i by ^F. 
It is universal in the sense that there is a continuous F-map 

f -.M ^ ET 

which is unique up to F-homotopy, and moreover ET itself is unique up to F-homotopy. 
The quotient BT = F\_EF is an orbifold. Just as BT classifies isomorphism classes of 
F-covering spaces, it can be shown that BT classifies isomorphism classes of orbifold F- 
covering spaces. 

Examples 1.5 It turns out that if F is a discrete subgroup of a connected Lie group G, then 
£^r = G/K, where K is a maximal compact subgroup. 

Examples 1.6 The orbifold £(5, vi, . . . , viewed as the quotient space 

T.{g,iyi, . . . ,j/„) = F\H 

is an example of the above construction. 

This is the main class of examples that we are concerned with in this paper. 

Let ST denote the set of all elements of F which are of finite order Then S'F is not 
empty, since 1 e ST. T acts on S'F by conjugation, and let FT denote the associated 
permutation module over C, i.e. 



Aq G C and A^j = except for a finite number of a 



1.7. Twisting an elliptic operator 

We will discuss elliptic operators only on good orbifolds, and refer to El for the general 
case. Let M be a good orbifold, that is the universal orbifold cover M of M is a smooth 
manifold. Let M be a F-invariant Hermitian vector bundle over M. Let D be a 1st 

order elliptic differential operator on M, 



D : L\M,£) L^{M,T) 
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acting on orbifold sections of the orbifold vector bundles £, T over M. By fiat, £) is a 
F-equivariant 1st order elliptic differential operator D on the smooth manifold M, 

Given any connection on W which is compatible with the T action and the Hermitian 
metric, we wish to define an extension of the elliptic operator D, to act on sections of 

: Y[M,l®W) -> Y{M,f®W) 

and we want it to satisfy the following property: If is a trivial bundle, and V° is the 
trivial connection on W, then for u € T{M, £), he r(M, W) such that V°/i = 0, 

{b ® V°)(u «) ft) = {bu) <S> h 

To do this, define a morphism 

S = Sd : £<»JT*M 

S{u ® df) = D{fu) - fDu 

for / e_C°°j(M) and T{M,£). Then 5 is a tensorial. Consider 5 = S 1 : 
£®T*M ®W ^ r®W defined by 

S{u ®df ®e) = S{u ®df)®e 

for u, f as before and e £ r(M, W). 

Recall that a connection on is a derivation 



: r(M, W) r(M, T*M ® W) 

Define 5 as 

(5 (g) V^)(w e) = (Dw) ® e + ^(w (g) V^e) 
Then D is a 1 ^'^ order elliptic operator. 



1.8. Twisted index theorem for orbifolds 

Let M be a compact orbifold of dimension n = Al. Let F — > M ^ M be the universal 
orbifold cover of M and the orbifold fundamental group is F. Let Z) be an elliptic 1st order 
operator on M, that is a -D on M, 

D : L'^{M,£) ^ L'^{M,^), 

such that D commutes with the F-action on M. 
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Now let w be a F-invariant closed 2-form on M, uj = dr/. Define V = rf + 477. 
Then V is a Hermitian connection on the trivial line bundle over AI, and the curvature of 
V, (V)^ — iuj. (Here s G M.) Then V defines a projective (F, o')-action on spinors as 
in section 1.2. 

Consider the twisted elliptic operator on M, 

5®V : L^(M,£) ^ L^{M,T) 

Then Z) (g) V no longer commutes with F, but it does commute with the projective (F, a) 
action. Let P+ , P_ be the orthogonal projections onto the null space of V and (Z?® V)* 
respectively since 

{D(g)V)P+ = Q and (5 (g) V)* P_ = 

By elliptic regularity, it follows that the Schwartz (or integral) kernels of P± are smooth. 
Since D (E)V and its adjoint commutes with the (F, cr) action, one has 

e-'"^^(^)p±(7X,7y)e*'^^(^) = P±{x,y) V7 G F. 

In particular, P±{x, x) is smooth and F-invariant on AI. Therefore the corresponding von 
Neumann trace (cf. section 1.2) is finite, 

tr[P±)= / tr{P±{x,x))dx<oo. 

The L^-index is by definition 

mdexL^Co ® V) = tr{P+) - tr{P_). 

To describe the next theorem, we will briefly review some material on characteristic 
classes for orbifold vector bundles. Let AI be a good orbifold, that is the universal orbifold 
cover F ^ Af — > AI of AI is a smooth manifold. Then the orbifold tangent bundle TAI 
of M, can be viewed as the F-equivariant bundle TAI on AI. Similar comments apply 
to the orbifold cotangent bundle T*AI and more generally, any orbifold vector bundle on 
AI. It is then clear that choosing F-invariant connections on the F-invariant vector bundles 
on AI, one can define the Chern-Weil representatives of the characteristic classes of the 
F-invariant vector bundles on M. These characteristic classes are F-invariant and so define 
cohomology classes on AI. For further details, see Ea. 

Theorem 1.7 Let M be a compact, even dimensional, good orbifold, F be its orbifold 
fundamental group, D be a T -invariant twisted Dirac operator on A/I, where F — > ill ^ Af 
is the universal orbifold cover of AI. Then one has 

q\ 

indexMD (g V) = , „ (Td{M) U chisymhiD)) U e"", [T* AI]) 
(2m)i{2q\) 

where Td{AI) denotes the Todd characteristic class of the complexified orbifold tangent 
bundle of AI which is pulled back to the orbifold cotangent bundle T* AI, ch{sy'mb{D)) is 
the Chern character of the symbol of the operator D, 
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Proof. 

The proof is similar to the case of Atiyah's index theorem for covering spaces. An 
important conceptual difference lies in the fact that M is an orbifold cover, and not an 
actual cover of AI. We have D = ^ (g) = ■ Let {t, x, y) denote the heat kernel 

of the F-invariant Dirac operators (^^ ® V)^ on the universal orbifold cover of A/, and 
P^{x,y) the smooth Schwartz kernels o f the orthogonal projections onto the null 
space of (g)V^. By a general result of Cheeger-Gromov-Tay lor (see also H), the heat 
kernel (t, x, y) converges uniformly over compact subsets of AI x M to {x,y), as 
t ^ oo. Therefore one has 

limt^oo ir-(e-*(^£»^)') = Km / tr{k^{t,x,x))dx 

= I k.{P^{x,x))dx ^^-^^ 

Jm , 
= <r(P±) 



Next observe that 



dt 



= -tr.ii^s ® V, (If ® V)e-'C9e<»^f]) 
= 

since (g) V is an odd operator Here trg denotes the graded trace, i.e. the composition 
of the trace tr and the grading operator. Therefore we deduce that 

= tr.iP) (1.4) 
= index]^2(^g ® V). 
By the local index theorem of Atiyah-Bott-Patodi i, Getzler 0, one has 

\im {tr{k+ {t, X, x)) ~ tr{k-{t,x,x))) = [A{fl) tr{e^^ )e'^]r, (1.5) 

where [ ]„ denotes the component of degree n = dim AI, fl is the curvature of the metric 
on M, is the curvature of the connection on £. Combining equations (1.3), (1.4) and 
(1.5), one has 

index £ (^V) ^ / A(fi) <r(e^'' )e". 



Remarks 1.8 A particular case of Theorem 1.7 highlights a key new phenomenon in the 
case of orbifolds, viz. in the special case when the multiplier ct = 1 is trivial, then the 
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index L2{D) formally coincides the L'^ index of_D as defined Atiyah EJ. By comparing 
with the cohomological formula due to Kawasaki c3 for the Fredholm index of the operator 
D on the orbifold M, we see that in general these are not equal, and the error term is 
a rational number which can be expressed explicitly as a cohomological formula on the 
lower dimensional strata of the orbifold M. Thus, we see that for reneral orbifolds the 
index of D, is only a rational number This was also observed by t3. This is in contrast to 
the situation when the orbifold is smooth, where Atiyah's index theorem establishes the 
integrality of the index in this case. 



2. Range of the trace and the Kadison constant 

In this section, we will first calculate the range of the canonical trace map on Kq of 
the twisted group C*-algebras for Fuchsian groups F of signature (g, j^i , . . . , j/„). We use 
in an essential way some of the results of the previous section mch as the twisted version 
of the L'^-index theorem of Atiyah tl, which is due to Gromov EJ, and which is proved in 



Theorem 1.7. This enables us to deduce information about projections in the twisted group 
C* -algebras. In the case of no twisting, this follows because the Baum-Connes conjecture 
is known to be true while these results are also well known for the case of the irrational 
rotation algebras, and for the twisted groups C* algebras of the fundamental groups of 
closed Riemann surfaces of positive genus 0. Our theorem generalizes most of these results. 
Moreover, we prove analogous results in the case of compact, real and complex hyperbolic 
four-manifolds. We will apply the results of this section in the next section to study some 
quantitative aspects of the spectrum of projectively periodic elliptic operators, mainly on 
orbifold covering spaces of hyperbolic orbifolds. 



2.1. The isomorphism classes of algebras C*{T,a) 

Let cr G Z^{T, U(l)) be a multiplier on F, where F is a Fuchsian group of signature 
(g, 1^1, ... , Vn). If cr' G ^^(F, U(l)) is another multiplier on F such that [a] — [a'] G 
i/2(F, U(l)), then it can be easily shown that C* (F, cr) = C* (F, cr'). That is, the isomor- 
phism classes of the C*-algebras C* (Fg/ , a) are naturally parameterized by H^{T, U(l)). 
In particular, if we consider only multipliers a such that S{a) — 0, we see that these are 
parameterized by kei{S) C H^{T, U(l)). It follows from the discussion at the beginning 
of the next subsection that ker((5) = U(l). We summarize this below. 

Lemma 2.9 Let T be a Fuchsian group of signature (g, i^i, . . . , Vn)- Then the isomor- 
phism classes of twisted group C* -algebras C*(F,cr) such that 5{a) = are naturally 
parameterized by U(l). 



2.2. K-theory of twisted group C* algebras 
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We begin by computing the iiT-theory of twisted group C* -algebras for Fuchsian groups 
r of signature (g, j^i, . . . , i/„). Let be a multiplier on F. It defines a cohomology class 
[cr] 6 (F, U(l)). Consider now the short exact sequence of coefficient groups 

1 ^ Z A M U(l) 1, 

which gives rise to a long exact sequence of cohomology groups (the change of coefficient 
groups sequence) 



ij2(F,Z) ^ ij2(r,M) i/2(r,U(l)) ^ ij3(F,Z) ^ iJ^(r,M). (2.6) 



We first show that the map 



if2(r,u(i)) ^i?3(F,z) 



is a a surjection. 



In fact, it is enough to show that -ff'^(r, M) = {0}. In order to see this it is enough to 
notice that we have a G action on BTgi with quotient BT, 

G BTg> A BV (2.7) 
and therefore, in the Leray-Serre spectral sequence, we have 

E"^ =Tor"*'^^-^\M.,H,{BTg,,M.)) 
that converges to Hif{BT^ M). Moreover, we have 

converging to H^BG,^), see 7.16 of S 

Notice also that, with R coefficients, we have i?q(i3G,K) = {0} for q > 0. Thus 
we obtain that, with R coefficients, Hq{BT,R) = ff9(BF,R) is M in degrees g = and 



q — 2, in degree q = 1, and trivial in degrees q > 2. In particular, (2.6) now becomes 



y H'^{T,Z) ^ H'^{T, M) " — ^ • H^{T, U(l)) ^ H^{r, Z) ^ 0. (2.8) 

In the following [F] will denote a choice of a generator in 

iJ2(SF,R) ^ M ^ H^{BT,R). 



Using equation (2.7) and the previous argument, we see that A* [Eg'] = #(G)[r], since 
BVgi and Sg' are homotopy equivalent, and where #(G) denotes the order of the finite 
group G. 



M. MarcolU and V. Mathai 19 



In particular, for any multiplier cr of F with [a] G H"^ (T gi ,15 {!)) and with 5{a) = 0, 
there is a R-valued 2-cocycle C on T with [C] £ iJ^(r,M) such that [e^''^^] = [a]. 
Define a homotopy [at] — [e^'^^'^*^] Vt G [0, 1] which is a homotopy of multipliers at 
that connects the multiplier a and the trivial multiplier Note also that this homotopy is 
canonical and not dependent on the particular choice of C,. Therefore one obtains a homo- 
topy of isomorphism classes of twisted group C*-algebras C* (F, ct) connecting C* (F, a) 
and C*(F). It is this homotopy which will essentially be used to show that C* (F, a) and 
C* (F) have the same A' -theory. 

Let F C G be a discrete cocompact subgroup of G and A be an algebra admitting an 
action of F by automorphisms. Then the cross product algebra [A ® Co(G)] x F, is Morita 
equivalent to the algebra of continuous sections vanishing at infinity C'o(F\G, f), where 
£ F\G is the flat A-bundle defined as the quotient 

£^{Ax G)/F ^ F\G. (2.9) 

Here we consider the diagonal action of F on A x G. We refer the reader to §1 for the 
technical definition of a ii'-amenable group. However we mention that any solvable Lifi 
group, and in fact any amenable Lie group is iiT-amenable, and in fact it is shown in c3, 
E3 thatihe non-amenable groups SOo(n, 1), SU(n, 1) are iC-amenable Lie groups. Also, 
Cuntz Il3 has shown that the class of iC-amenable groups is closed under the operations of 
taking subgroups, under free products and under direct products. 



Theorem 2.10 (B£S) IfG is K -amenable, then (AxF)®Go(G) and [A®Co{G)]yiT have 
the same K-equivariant K -theory, where K acts in the standard way on G and trivially on 
the other factors. 



Combining Theorem 2.10 with the remarks above, one gets the following important 
corollary. 

Corollary 2.11 IfG is K-amenable, then (A x F) ® Go(G) and Go(F\G,f) have the 
same K-equivariant K-theory. Equivalently, one has for j = 0, 1, 

Kk,{Co{T\G,£)) - ifK,+dim(G/K)(^ X r). 



We now come to the main theorem of this section, which generalizes theorems of Eil, 

Theorem 2.12 Suppose given F a discrete cocompact subgroup in a K-amenable Lie 
group G and suppose that K is a maximal compact subgroup of G. Then 

K,iC*ir, a)) = ifK*+''™^''/'^^(r\G, 6iB„)), 

where a G iJ^(F,U(l)) is any multiplier on F. Here KK'(r\G,S{Ba-)) is the twisted 
K-equivariant K-theory of a continuous trace G* -algebra with spectrum F\G, and 
6{Ba-) denotes the Dixmier-Douady invariant of B^. 



20 Twisted Index Theory on Good Orbifolds 



Proof. Let a G H^{T, U{1)), then the twisted cross product algebra A x^r F is stably 

equivalent to the cross product (A /C)^ F where /C denotes compact operators. This 

is the Packer-Raeburn stabilization trick E3, which we now describe in more detail. Let 

V :T ^ C/(^^(F)) denote the left regular (F, ct) representation on ^^(F), i.e. for 7, 71 e F 
and / e^2(p) 

(^(7i)/)(7) = ^(7i,7rS)/(7rS). 

Then for 71, 72 G ^^(F), V satisfies 1^(71)^(72) = ^(71, 72)^^(7172)- That is, Visapro- 
jective representation of F. Since Ad is trivial on U(l), it follows that 0(7) = Ad{V{'^)) 
is a representation of F on /C. This is easily generaUzed to the case when C is replaced by 
the * algebra A. 



Using Corollary 2. 11, one sees that A xic, F (g) Co(G) and Co(T\G, £a) have the same 



if-equivariant ii'-theory, whenever G is i^-amenable, where 

£„ = {A®ICx G)/F ^ F\G 

is a flat A ® /C-bundle over F\G and if is a maximal compact subgroup of G. In the 
particular case when A = C, one sees that G* (F, a) (g) Go(G) and Go(F\G, Ea) have the 
same if-equivariant A' -theory whenever G is iiT-amenable, where 

£a = {ICx G)/F^F\G. 

But the twisted if-equivariant A'-theory Kk*{T\G, 6{Bcr)) is by definition the same as 
the AT-equivariant AT-theory of the continuous trace G*-algebra Bcr — Go(F\G, £„) with 
spectrum F\G. Therefore 

K,{C*ir,a)) - if;^'+'i""(«/^)(F\G,5(B,)). 



o 

Our next main result says that for discrete cocompact subgroups in AT-amenable Lie 
groups, the reduced and unreduced twisted group C* -algebras have canonically isomorphic 
AT-theories. Therefore all the results that we prove regarding the AT-theory of these reduced 
twisted group G*-algebras are also valid for the unreduced twisted group G*-algebras. 

Theorem 2.13 Let a e H^{T, U(l)) be a multiplier on F and T be a discrete cocom- 
pact subgroup in a K-amenable Lie group. Then the canonical morphism G*(F, cr) — > 
G*(F, a) induces an isomorphism 

K4C*(T,cj))^K,{C:{T,a)). 



Proof. We note that by the Packer-Raeburn trick, one has 

G*(F,ct) ®/C ^ /C X F 
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and 

c;(r,CT) ®a: ^ k. xi^r, 

where xi ^ denotes the reduced crossed product. Since F is a lattice in a if -anienable Lie 
group, the canonical morphism /CxiF^/C)^,. F induces an isomorphism (cf. E3) 

K^,{K, yi F) =if,(/C >^^F), 

which proves the result, o 

We now specialize to the case where we have G = SOo(2,l), K — SO(2) and 
F = F(g, vi, . . . , Vn) is a Fuchsian group, i.e. the orbifold fundamental group of a hy- 
perbolic orbifold of signature {g,vi, . . . ,Vn), S(5, j/i, . . . , i/„), where F C G (note that 
G is -amenable), or when G = M^, K = {e} and g = 1, with F being a cocompact 
crystallographic group. 

Proposition 2.14 Let a be a multiplier on the Fuchsian group F of signature (g, i^i , . . . , j/„) 
such that 6{(j) = 0. Then one has 

1. Ko{C*{T, a)) - Ko{C*{r)) = if„%(S(.g, - Z^-^+S^^i 

2. K,{C*{r, a)) - K,{C*{r)) - ly,,..., - Z^s. 

Proof. Now by a result due to Kasparov El, which he proves by connecting the regular 
representation to the trivial one via the complementary series, one has 

K,iG*{T)) - if^o(2)(^(.9, '^l,---, ^n)) = /C6(S(5, ^^1, ■ • ■ , ^n)). 

We recall next the calculation of Farsi for the orbifold -RT-theory of the hyperbolic orb- 
ifold z^i, z/„) 

J^i, . . . , M„)) EE A'o(G*(S(g, i^i, . . . , j^„))) 

and 



By Theorem 2.12 we have 

K,{G*{T)) = Ki^^^^{P{g,v,, v^)) for j - 0, 1, 
and more generally 

K,{G* (F, a)) - if^o(2) (P(g, j^i, . . . , <5(i?,)), j = 0, 1, 
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where = C(P{g, vi, . . . , i/„), £„). Finally, because is a locally trivial bundle of 
C*-algebras over P{g, I'l, . . . , Vn), with fiber /C (= compact operators), it has a Dixmier- 
Douady invariant 5{Ba) which can be viewed as the obstruction to being Morita equiv- 
alent to C(Sg). But by assumption S{Ba-) = S{a) = 0. Therefore is Morita equivalent 
to C{P{g, I'l, ... , i/n)) and we conclude that 

K,{C*{T, a)) = K^so(2)iP(9, l^l, ■ ■ ■ , >^n)) ^ Krhi^id, ^1: • ■ • : '^n)) J - 0, 1. 

o 



2.3. Twisted Kasparov map 

Let r be as before, that is, T is the orbifold fundamental group of the hyperbolic orb- 
ifold E((7, ^1 , . . . , i/„). Then for any multiplier a on F, the twisted Kasparov isomorphism, 

IX, : 1^1, ... , Vn)) K,{C;{V, a)) (2.10) 

is defined as follows. Let 

be an orbifold vector bundle over Y,{g,vi, . . . ,Vn) defining an element 

[£] eA-0(S(g,z.i,..., 
As in 0, one can form the twisted Dirac operator 

^+ : L'^{^{g, v^,..., z/„), 5+ ® £) ^ L^{^{g, i^i,---, i^n),S- ® £) 



where denote the ^ spinor bundles over vi, . . . , Vn). By Proposition 2.14 of the 
previous subsection, there is a canonical isomorphism 

K,(C;(V, a)) - /Cf,(S(5, '^i, • • • , ^n)). 



Both of these maps are assembled to yield the twisted Kasparov map as in (2.10). Observe 
that S((7, vi, . . . , Vn) = BY, and that the twisted Kasparov map has a natural generaliza- 
tion, which will be studied elsewhere. 

We next describe this map more explicitly. One can lift the twisted Dirac operator 
as above, to a F-invariant operator on H = Tj{g, ui, . . . , j/„), which is the universal 
orbifold cover ofYj{g,vi,...,Vn), 



Therefore as before in (2.8), for any multiplier cr of F with 5{[ij]) — 1, there is a Un- 
valued 2-cocycle C on F with [C] G H'^{T,M.) such that [e^'^v^^] = [a]. By the earUer 
argument using spectral sequences and the fibration as in equation (2.7), we see that the 
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map A induces an isomorphism i7^(r,R) = i7^(rg/,R), and therefore there is a 2-form 
ijj on Eg' such that [e^'^^'^^'^] — [a]. Of course, the choice of lj is not unique, but this 
will not affect the results that we are concerned with. Let u) denote the lift of lo to the 
universal cover H. Since the hyperbolic plane H is contractible, it follows that co ^ drj 
where 77 is a 1-form on H which is not in general F invariant. Now V — d ~ irj is a 
Hermitian connection on the trivial complex line bundle on H. Note that the curvature of 
V is = iuj. Consider now the twisted Dirac operator which is twisted again by the 
connection V, 

It does not commute with the F action, but it does commute with the projective (F. a)- 
action which is defined by the multiplier a, and it has an (F, a)-L^-mdex 

ind(r,.)(^0V) Gifo(a*(r,fT)). 

Formally, ind(r,cr)(^f^ ® V) = [P+] — [P^], where P^ denotes the projection to the 

kernel of (g) V. The problem is that in general, P^ only lies in the twisted von Neumann 
algebra, and therefore one has to add a compact perturbation in C*(F, a) to the operator, 
in order to properly define the index. This is essentially the C* index of Mishchenko- 
Fomenko 0, see also 0. Then observe that the twisted Kasparov map is 

= ind(r,.)(^®V)) eXo(C*(F,(T)). 

The canonical trace on C* (F, cr)) induces a linear map 

[<r] :Xo(C;(F,a))^M 

which is called the trace map in /C-theory. Explicitly, we first extend tr to matrices with 
entries in C*{T,a) as (with Trace denoting matrix trace): tr{f (g) r) — Trace(r)fr(/). 
Then the extension of tr to Kq is given by [ir]([e] — [/]) = tr{e) — tr{f), where e, / are 
idempotent matrices with entries in C* (F, cr)). 

Clearly one has 

indexL^i^^ ® V)) = [tr] (ind^r,a)i^£ ® V))) 
2.4. Range of the trace map on Kq: the case of two dimensional orbifolds 

We can now state the first major theorem of this section. 

Theorem 2.15 Let T be a Fuchsian group of signature {g,vi, . . . ^ Vn), ond a be a multi- 
plier ofT such that 5{a) — 0. Then the range of the trace map is 

n 

[tr](ifo(C;(F, a))) =Ze + Z + J2 

i=l 
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where 2Tr0 ~ ([cr], [F]) G (0, 1] is the result of pairing the multiplier a with the fundamen- 
tal class ofT (cf. subsection 2.1). 

Proof. 

We first observe that by the results of the previous subsection the twisted Kasparov map 
is an isomorphism. Therefore to compute the range of the trace map on Kq, it suffices to 
compute the range of the trace map on elements of the form 

for any element 

[£:"]-[£:i]eX„^(E(g,z.i,...,^„)). 

where E'^, £^ are orbifold vector bundles over the orbifold E(g, i/i, . . . , Vn), which as in 
section 1 .4, can be viewed as G-equivariant vector bundles over the Riemann surface Sg' 
which is an orbifold G covering of the orbifold 'T,{g,vi, . . . ,Vn). 

By the twisted index theorem for orbifolds. Theorem 1.7, one has 

[tr](\nd^r^a){¥t ® V)) = ^ ( A(r!)tr(e«')e'^. (2.11) 



Y,(gMi,...,Un) 



We next simplify the right hand side of equation (2.11) using 

tr{e^^) = ranks + tr{R^) 
=l+w. 

Therefore one has 

[fr](ind(r,.)(^ ® V)) = ^ / + ^ / tr{R% 

Now by the index theorem for orbifolds, due to Kawasaki El, we see that 

^ / tT{R^) + V A/z.,; = index(^+) e Z, 

Therefore we see that 



27r. 

Observe that 



1 /■ " 



S(g,i.i,...,i/„) m'-^) 7e , 
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since Eg' is an orbifold G covering of the orbifold S(g, vi, . . . , i/„) and [T] is equal to 
cf. section 2.1 and that by assumption, 

2-K 

It follows that the range of the trace map on Kq is 

i=l i=l 

O 

We will now discuss one application of this result, leaving further applications to the 
next section. The application studies the number of projections in the twisted group C*- 
algebra, which is a problem of independent interest. 

We first recall the definition of the Kadison constant of a twisted group C* -algebra. 
The Kadison constant of C* (F, cr) is defined by: 

Co-(r) = inf {tr(P) : P is a non-zero projection in C* (F, a) /C}. 

Proposition 2.16 Let F be as in Theorem 2.15. Let a be a multiplier on F such that 6{a) = 
0, and 2TT9 = {[a], [F]) G (0, 1] be the result of pairing the cohomology class of a with the 
fundamental class ofT. If 9 is rational, then there are at most a finite number of unitary 
equivalence classes of projections, other than and 1, in the reduced twisted group C*- 
algebra C* (F, a). 

Proof. By assumption, 9 = p/q. Let P be a projection in C* (F, a). Then 1 — P is also a 
projection in C* (F, cr) and one has 



1 = tr{l) = tr{P) + tr{l - P). 



Each term in the above equation is non-negative. Since cr is rational and by Theorem 2.15 
it follows that the Kadison constant C^(F) > and tr{P) e {0, C^(F), 2C^(F), . . . 1}. 
By faithfulness and normality of the trace tr, it follows that there are at most a finite number 
of unitary equivalence classes of projections, other than those of and 1 in C* (F, a), o 



2.5. Range of the trace map on Kq: the case of 4 dimensional real and 
complex hyperbolic manifolds 

We prove here the analogue of the results of the previous subsection, for the case of 
compact, real and complex hyperbolic four dimensional manifolds. 

We now set some notation for the theorem below. Let F be a discrete, torsion-free 
cocompact subgroup of G = SOo(l,4) or SU(1,2). We wiU assume that 5{a) — 0, 
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therefore there is a closed F-invariant two form uj on G/K, where K isa maximal compact 
subgroup of G, such that [e^*^'^] ^ [a]. Let Q{a, b) = {aU b, [T]) a,b € H'^{T, M) be 
the intersection form on r\G/K. Define the linear functional : i/^(r,Z) ^ M as 
T^{a) = Q{uj, a). Then we have: 

Theorem 2.17 Let T be a discrete, torsion-free cocompact subgroup o/SOo(l,4) or of 
SU(1, 2), and a be a multiplier ofT such that S{a) — 0. We assume also that T\G / K is 
a spin manifold. Then the range of the trace map is 

[tr](i^o(C;(r, d))) = Z6I + Z + B, 

where 2(27r)^(? = ([cjUcj], [F]} is the result of pairing the cup product of multipliers [wUw] 
with the fundamental class of T, and B = range(Tt^). 



Proof. 



We observe again that by the results of the previous subsection the twisted Kasparov 
map is an isomorphism. Therefore to compute the range of the trace map on Kq, it suffices 
to compute the range of the trace map on elements of the form 

for any element 

- [£^] G X°(F\G/if). 
where 5° , are vector bundles over the compact manifold T\G/K. 

By the twisted index theorem, Theorem 1.7, one has 

[<r](ind(r..)(^®V)) = -i-^ / l(f])tr(e^' )e-. (2.12) 

l^""; JT\G/K 

We next simplify the right hand side of equation (|2.12|) using 



fr(e-«^) = ranks + tr{R^) + UriR^"^) 



1, ,2 



=l + uj + ^oj 



Therefore one has 



[tr]{md^r,.M ® V)) = — / 

^{^T^j Jt\g/k 

2{2'KyJr\G/K 24(27r)^ Jr\G/if (.^t^) Jr\G/K 



Now by the Atiyah-Singer index theorem H, we see that 
'r\G/K 2(27rj- jr\G/i<: 



24(27r) 



'/ P'^^^ + ^uh^f ir(i?^')=index(^+)GZ, 
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Therefore we see that 

[fr](Xo(c;(r,cr))) = ze' + z + B, 

where 2{2'n: fe = lu'^ and B = range(r^).o 

Jr\G/K 

Remarks 2.18 The spin hypothesis on T\G/ K can be easily replaced by spin"', without 
much alteration in the proof. 

The proof of the following proposition is similar to that of Proposition 2.8 and we omit 

it. 

Proposition 2.19 Let T be as in Theorem 2.17. Let a be a multiplier on T such that 5{a) = 
0. IfcT defines a rational cohomology class, then there are at most a finite number of unitary 
equivalence classes of projections, other than and 1, in the reduced twisted group C*- 
algebra C*{T, a). 

3. Applications to the spectral theory of projectively periodic elliptic 
operators and the classification of twisted group C* algebras 

In this section, we apply the range of the trace theorem, to prove some qualitative re- 
sults on the spectrum of projectively periodic self adjoint elliptic operators on the universal 
covering of a good orbifold, or what is now best known as non-commutative Bloch theory. 
In particular, we study generalizations of the hyperbolic analogue of the Ten Martini Prob- 
lem in u and the Bethe-Sommerfeld conjecture. We also classify up to isomorphism, the 
twisted group C* algebras for a cocompact Fuchsian group. 

Let M be a compact, good orbifold, that is, the universal cover F — + A/ — > M is 
a smooth manifold and we will assume as before that there is a (F, (T)-action on i^(M) 
given by = U^ o V7 G F. Let be Hermitian vector bundles on M and let f , T 
be the corresponding lifts to F-invariants Hermitian vector bundles on M. Then there are 
(F, cr)-actions on L'^{M, £) and L^{M, T) which are also given by T-y = U-yO S-y V7 £ F. 

Now let D : L'^{M, £) L^{M, T) be a self adjoint elUptic differential operator that 
commutes with the (F, (7)-action that was defined earlier We begin with some basic facts 
about the spectrum of such an operator Recall that the discrete spectrum of D, specdisc{D) 
consists of all the eigenvalues of D that have finite multiplicity, and the essential spectrum 
of D, speCess{D) consists of the complement spec{D) \ specdisc{D). That is, speCess{D) 
consists of the set of accumulation points of the spectrum of D, spec{D). Our first goal is 
to prove that the essential spectrum is unbounded. Our proof will be a modification of an 
argument in @. 

Lemma 3.20 Let D : L^(M,£) — > L'^{M,£) be a self adjoint elliptic differential op- 
erator that commutes with the (T, a) -action. Then the discrete spectrum of D is empty. 
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Proof. Let A be an eigenvalue of D and V denote the corresponding eigenspace. Then V is 
a (r, a)- invariant subspace of L^{AI, £). If is a relatively compact fundamental domain 
for the action of F on M, one sees as in section 1.2 that there is a (F, tr) -isomorphism 

Here the (F, (7)-action on L'^{T, £\j^) is trivial, and is the regular (F, a) representation on 
L^(F). Therefore it suffices to show that the dimension of any (F, (T)-invariant subspace V 
of -Zj^(F) is infinite dimensional. Let {vi, . . . , t;Ar} be an orthonormal basis for V. Then 
one has 

N 

where U = {Uijil)) is some N x N unitary matrix. Therefore 



E,er Eti E;=i Eti U^,h)UMv,{l')vkh') 



l\\2 



= #(r)E-Li 1^.(7') 

Since #(F) = oo, it follows that either iV = or iV = oo. o 



Corollary 3.21 Let D be as in Lemma [3.20| above. Then the essential spectrum of D 

coincides with the spectrum of D, and so it is unbounded. 

Proof. By the Lemma above, we conclude that speCess{D) and spec{D) coincide. Since 
D is an unbounded self-adjoint operator, it is a standard fact that spec{D) is unbounded cf. 
E3, yielding the result, o 

Note that in general the spectral projections of D, E\ ^ C* {a) (see section 1.2 for the 
definition). However one has 



Proposition 3.22 (Sunada, Bruning-Sunada) Let D be defined as in Lemma 3.20 above. 
IfXo ^ spec{D), then Ex^ G C*{a). 

Proof. Firstly, there is a standard reduction to the case when D is positive and of even 
order d> 2 cf. so we will assume this without loss of generality. By a result of Greiner, 
see also Bruning-Sunada i, there are off diagonal estimates for the Schwartz kernel of the 
heat operator e~*^ 

for some positive constants Ci , C2 and for t > in any compact interval. Since the 
volume growth of a orbifold covering space is at most exponential, we see in particular that 
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|fct(a;, y)| is in both variable separately, so that 

e-*^ e C*{a). 

Note that 

X[o,e-"]P) = X[o,A](e"*^). 
Let t = \ and Ai = — log Aq. Then Ai ^ spec(e~'^) and 

X[o,A,](e-^)-0(e-^) 

where ^ is a compactly supported smooth function, (f) = \ on [0, Ai] and </) = on the 
remainder of the spectrum. Since C* [a) is closed under the continuous functional calculus, 
it follows that (/)(e"-°) S C* {a), that is € C* (a), o 

Let D be any (F, (T)-invariant self-adjoint elliptic differential operator D on M. Since 
the spectrum spec{D) is a closed subset of R, its complement M.\spec{D) is a countable 
union of disjoint open intervals. Each such interval is called a gap in the spectrum. 

Proposition 3.23 Let T be a Fuchsian group of signature (g, j^i , . . . , Lef a be a mul- 
tiplier on r iMc/i that 5{(j) = 0, ant/ 2ii6 = ([ct], [F]} G (0, 1] be the result of pairing the 
cohomology class of a with the fundamental class o/F. If0 is rational, then the spectrum 
of any (F, a)-invariant self-adjoint elliptic differential operator D on M has only a finite 
number of gaps in the spectrum in every half line {—oo, A]. Here T ^ M ^ M is the uni- 
versal orbifold covering of a compact good orbifold M with orbif old fundamental group F. 
In particular, the intersection of spec{D) with any compact interval in R is never a Cantor 
set. 

Proof. We first observe that by equation 1.2 in section 1.2, one has C*{a) = C* (F, ct) §5/C. 
By Proposition 2.16 and Theorem 2.15, it follows that one has the estimate Co- (F) > 1/q >. 
for the Kadison constant in this case. Then one applies Theorem 1 in Briining-SunadaH 
to deduce the proposition, o 

In words, we have shown that whenever the multiplier is rational, then the spectrum of a 
projectively periodic elliptic operator is the union of countably many (possibly degenerate) 
closed intervals, which can only accumulate at infinity. 

Recall the important F-invariant elliptic differential operator, which is the Schrodinger 
operator 

Hv^A + V 

where A denotes the Laplacian on functions on M and is a F-invariant function on M. It 
is known that the Baum-Connes conjecture is true for all amenable discrete subgroups of a 

§nnected Lie group and also for discrete subgroups of SO(n, 1), see §1 and SU(n, 1), see 
. For all these groups F, it follows that the Kadison constant Ci (F) is positive. Therefore 
we see by the arguments above that the spectrum of the periodic elliptic operator Hy is the 
union of countably many (possibly degenerate) closed intervals, which can only accumulate 
at infinity. This gives evidence for the following; 
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Conjecture 1 (The Generalized Bethe-Sommerfeld conjecture) The spectrum of any T- 
invariant Schrodinger operator Hy has only a finite number of bands, in the sense that the 
intersection of the resolvent set with M has only a finite number of components. 

^^jhJ"emark that the Bethe-Sommerfeld conjecture has been proved completely by Skrig- 
anov in the Euclidean case. 

This leaves open the question of whether there are (F, a-)-invariant elliptic differen- 
tial operators I? on H with Cantor spectrum when 9 is irrational. In the Euclidean case, 
this is usually known as the Ten Martini Problem, and is to date, not completely solved, 
though much progress has been made H. We pose a generalization of this problem to the 
hyperbolic case (which also includes the Euclidean case): 

Conjecture 2 (The GeneraUzed Ten Dry Martini Problem) Suppose given a multiplier 
a on T such that S{a) — 0, and let 2Tr0 = {[a], [T]) G (0, 1] be the result of pairing 
the cohomology class of a with the fundamental class ofT. If 9 is irrational, then there 
is a (r,a)-invariant elliptic differential operator D on H which has a Cantor set type 
spectrum, in the sense that the intersection of spec{D) with some compact interval in R is 
a Cantor set. 

3.1. The four- dimensional case 

The spectral properties studied in this section do not represent a purely two-dimensional 
phenomenon. In fact, it is possible to derive similar results in higher dimensions, as the 
following example shows. 

Proposition 3.24 Let T be a discrete, torsion-free cocompact subgroup q/SOo(l, 4) or of 
SU(1, 2), and a be a multiplier ofV such that (5(cr) — Q. We assume also that T\G / K 
is a spin manifold. If [oj] £ (Af , R) is a rational cohomology class, then the spectrum 
of any (F, a)-invariant self-adjoint elliptic differential operator D on M has only a finite 
number of gaps in the spectrum in every half line (— oo, A]. In particular, the intersection 
of spec{D) with any compact interval in R is never a Cantor set. 

Proof. By Proposition 2.19 and Theorem 2.17, it follows that one has the estimate C^r (F) > 
l/f? > ftfoi" the Kadison constant in this case. Then one applies Theorem 1 in Briining- 
Sunada EI to deduce the proposition, o 

3.2. On the classification of twisted group C* -algebras 



We will now use the range of the trace theorem 2.15 , to give a complete classification, 
up to isomorphism, of the twisted group C* -algebras C*(F,o'), where F is a Fuchsian 
group of signature (g, i^i, . . . , f„) and we assume as before that 5{<j) — 0. 
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Proposition 3.25 (The isomorphism classification of twisted group C*-algebras) Let 

(T, (t' G H^iXi K/Z) be multipliers on T satisfying = = 5{(j'), and 

2716 = (a, [r]) e (0, 1], 2719' = (cr', [T]) G (0, 1] 

be the result of pairing a, a' with the fundamental class ofT. Then C* (F, a) = C* (F, tr') 
if and only if 

{n n ^ 

(e + Y, M^i) modi, (\-e^Y^ P,/vi) mod 1 \ , 
i=l i=l J 

where Q < Pi < Vi — I Vi = 1 , . . . , n. 

Proof. Let and tr' denote the canonical traces on C* (F, a) and C* (F, cr') respectively. 
Let 

,^:C*(r,a)-C*(r,a') 

be an isomorphism, and let 

0, :i^o(C*(F,a))-/io(C*(F,(7')) 



denote the induced map on Kq. By Theorem 2. 15, the range of the trace map on is 

n 

[ir](ifo(C* (F, ct))) = Z0 + Z + ^ Z(l/i.,) 

i=l 

and 

n 

[tr']{Ko{C*{T, a'))) = Z0' + Z + ^ Z(l/j.,)- 

i=l 

Therefore if is irrational, then 

n n 

Z6i + Z + ^Z(l/i/i) =Z6i' + Z + ^Z(l/j/i) 
implies that 6' is also irrational and that 

n 

0±0' G Z + ^Z(l/i/,). 

i=l 

Since 6*, 0' G (0, 1], one deduces that 

{n n \ 

{e + Y,P,/v,) moA\,{l-6 + Y.I3,/vi) modi i , 
j=i 1=1 J 

where Q < Pi < Vi — 1 Vz = 1, . . . , n. Virtually the same argument holds when is 
rational, but one argues in A'-theory first, and applies the trace only at the final step. 
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First observe that a diffeomorphism C : Sg' Sg' lifts to a diffeomorphism C of H 
such that C'TC'~ = F, i.e. it defines an automorphism of F. Recall that the finite group 

G={Ci: Cr=l Vi = l,...,n} 

acts on Eg/ with quotient ^{g, vi, . . . , Un). By the observation above, we see that G also 
acts as automorphisms of F. Now Ci [F] = [F], where Ai G C. Since CiCj [F] = A^ Aj [F] 
and = 1, it follows that A, is an root of unity, i.e. Ai = e2'^v^( V^O . Let C G G, 
i.e. C = nr=i C'f • We evaluate 

n n 

< C*[ul [T] >=< [a],C4T] >= < ill Af a], [F] > = ^ + ^ A/i^i- 

i=l i=l 

As in section 2. 1 we see that 

n 

C*[a] = [H^fV] e kerJ c H\T, U{1)). 

i=l 

Therefore the automorphism C* of F induces an isomorphism of twisted group C* -algebras 
C*(F, a) ^ C*(F, CV) ^ C*(F, Act). 

whereA = nr=iAf. 

Now let tp : T,g/ — > Eg' be an orientation reversing diffeomorphism. Then as observed 
earlier, ip induces an automorphism i/', : F — > F of F. We evaluate 

<rHm >=< HM^] >= < H [r] > =< [^],[r] >, 

since is orientation reversing. As in section 2.1 we see that tp*[cr] = [a] £ keid C 
H'^{T, U(l)). Therefore the automorphism of F induces an isomorphism of twisted 
group C* -algebras 

C*(F,ct) ^ C*(F,V'*ct) ^ C*(F,ct). 

Therefore if 9' G {{9 + X;r=i Pt/t^i) modi, (1 - 6* + J27=i Pi/vt) modi}, where 
< A < i/j - 1 = 1, . . . , n, one has C* (F, ct) ^ C* (F, ct'), completing the proof of 
the proposition, o 
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